The solutions for the helical edge states for an effective continuum model for the quantum spin Hall effect in HgTe/CdTe quantum wells are presented. For a sample of a large size, the solution gives the linear dispersion for the edge states. However, in a finite strip geometry, the edge states at two sides will couple with each other, which leads to a finite energy gap in the spectra. The gap decays in an exponential law of the width of sample. The magnetic field dependence of the edge states illustrates the difference of the edge states from those of a conventional quantum Hall strip of two-dimensional electron gas.
Recent discovery of quantum spin Hall (QSH) effect brings the Hall family a new member, an insulator with topological properties of electron bands distinct from the conventional ones [1] . Kane and Mele [2] proposed that newly synthesized graphene may exhibit a QSH effect. This novel state consists of the helical edge states whose dispersions locate inside the bulk insulating gap. They indicated that the Z 2 topological number distinguishes between the QSH and usual insulating phases. Benevig et al [3] realized that the HgTe/CdTe quantum well is a potential candidate for observing this effect based on the fact that the electron bands changes from the normal to an "inverted" type at a critical thickness of the quantum well, which was confirmed experimentally within one year. [4] Several other candidates were also proposed, such as GaAs with shear strain [5] and a multilayer Bi thin film [6] . Up to now, considerable efforts have been done to explore the properties of the QSH effect and topological insulators [7] . One of the striking properties is the crossing linear dispersions of the two edge states in which the electric currents with different spins flow in opposite directions. Very recently, it was reported that the massive Dirac particles exist in the bulk of Bi 0.9 Sb 0.1 , which is a hall mark of higher dimensional quantum spin Hall insulator. [8] The theory of QSH effect in HgTe/CdTe was based on an effective 4-band model of the HgTe/CdTe quantum well that participates in the inversion crossing of electron and hole bands derived by Benervig, Hughes and Zhang [3] . Until present almost all works are based on numerical solutions of the model in a tight-binding method [2, 9, 10] . It was argued that the QSH insulator state has gapless and linear dispersions locating inside the bulk insulating gap. In the present Letter, we present the solution for the edge states of the 4-band model. In a finite strip geometry, linear dispersions for four edge states are reproduced for a sufficient large sample comparing with the space distribution scale of the edge states. However, when the size of sample is comparable with the size scale of the edge state, the edge states near the crossing point will couple with each other and open a finite energy gap. The gap decays in an exponential law with the size of the sample. This demonstrates that the edge states of QSH effect are quite different from the edge states of quantum Hall (QH) effect.
Here we start from the effective 4-band model for HgTe/CdTe quantum wells [3] 
where
A, B, C, D, and M are material specific parameters that are functions of the thickness of the quantum well. The model is derived from the Kane model near the Γ point in a heterojunction of HgTe/CdTe, and its validity is limited for small values of k x,y . The most striking property of this system is that the mass or gap parameter M changes sign when the thickness d of the quantum well is varied through a critical thickness d c (= 6.3 nm) associating with the transition of electronic band structure from a normal to an "inverted" type [11] . We will now solve this continuum model (1) in a finite strip geometry of the width L with the periodic boundary condition in the x direction and an open boundary condition in the y direction. In this case, k x is a good quantum number but k y is replaced by using the Peierls substitution k y = −i∂/∂y = −i∂ y . The Hamiltonian (1) is block-diagonal, and the upperĤ ↑ (= H (k)) and lowerĤ ↓ (= H * (−k)) blocks describe the states of spin-up and spin-down, respectively. The eigenvalue problem of the upper and lower blocks can be solved separately, i.e.,
T where T means "transpose". Because the lower block of the Hamiltonian is the time reversal of the upper block of the Hamiltonian, the solution Ψ ↓ (k x , y) = ΘΨ ↑ (k x , y), where Θ = −iσ y K is a "time-reversal" operator and K stands for complex conjugation. Thus we can only focus on the solution for the upper block of this Hamiltonian.
The set of the eigenvalue equations for the upper block is expressed as (3) with B ± = B ± D. From eqs. (2) and (3), using the trial function ψ 1,2 = e λy , the characteristic equation gives four roots ±λ 1 and ±λ 2 ,
With the boundary conditions of Ψ ↑ (k x , y = ±L/2) = 0, we have an analytical expression for the wave function Ψ ↑
with
The non-trivial solution for the coefficientsc ± andd ± in the wave functions leads to a secular equation
where (4) and (9) determine the energy spectra of the upper blockĤ ↑ .
Let us first consider the general properties of the solution for λ 1,2 . In a large L limit, a purely imaginary λ = ik y is always the solutions of the equation, and gives two branches of spectra,
These are the bulk spectra and revised by the A-term slightly, and corresponding solutions span in the whole space. Except for these imaginary solutions, there also exist real solutions when
In the large L limit, tanh (λ 1,2 L/2) = 1, and Eq. (9) gives As the λ 1,2 approaches to constant near k x = 0,
For real roots λ 1,2 , the function f ± (y) are distributed dominantly near the edge (y = ±L/2) in the scale of λ
This result is consistent with those by means of the tight binding approximation [9] .
In the following we shall concentrate on the real solution of λ with a finite L, i.e. the solutions for the edge states. For real λ and finite L, the right hand side of Eq. (9) is always greater than 2. If λ 1,2 L >> 1, it is approximately 2 + 4e −2λ2L (assuming λ 1 >> λ 2 ). From Eq. (9), it is found that a finite energy gap ∆ = E + − E − opens at k x = 0
which decays in an exponential law of L. This is the main consequence in the present work.
In general cases, we have numerical solution of the equations. As a concrete example, we adopt the parameters for the inverted HgTe/CdTe quantum well of thickness d = 7.0 nm from the reference [10] for all numerical calculations in the present Letter: A = 364.5 meV nm, B = −686 meV nm 2 , M = −10 meV, D = −512 meV nm 2 . For L = 1000 nm, one has λ 1 = 0.7797 nm −1 and λ 2 = 0.0187 nm −1 at k x = 0. The energy gap is very tiny, ∆ = E + − E − = 1.41 × 10 −7 meV. However, for L = 200 nm at k x = 0, the gap ∆ = 0.4509 meV, which becomes large enough to be measurable in experiments. We plot the energy spectra for the edge states of several sizes in Fig. 1(a) . However, for a narrow width L (e.g., L = 200 nm), there is the parabolic-like spectrum near k x = 0. The size-dependence of the energy gap is plotted in Fig. 1(b) . The corresponding wave functions of eigenvalues E ± (k x ) yields
andc ± are normalization constants. The solutions can be simplified in the limit of large L as η
. The other two solutions for the lower block can be produced by means of the time reversal operation, Ψ ↓± = ΘΨ ↑± , and the spectra are degenerate with those of the upper block.
According to the present analytic solutions of wave functions, the density distribution of the functions are mainly determined by the two length scales, λ −1 1,2 . In the example in Fig. 1 , we notice that λ ∝ (1, −η) T in the large L limit) and the positive velocity, v x (= +A B + B − /B 2 ) > 0 when k x is far away from k x = 0 and the density distribution is located at one side while the states of Ψ ↑+ (−k x , y) and Ψ ↑− (+k x , y) (k x > 0) have another spin (∝ (1, η) T in the large L limit) and a negative velocity, −v x < 0, and are distributed on the other side. From the solution we found that Ψ ↑± (k x , y) and Ψ ↑± (−k x , y) couple near k x = 0 due to the finite size effect. Consequently, the states with different spins mix together and the densities of the wave functions Ψ ↑± (k x = 0, y) are symmetrically distributed at the two sides. This fact is consistent with the opening of an energy gap in the spectra at k x = 0. The charge conductance of a QSH phase in a strip was predicted theoretically to be 2e 2 /h due to the presence of two spin-resolved conducting channels at the edges of the strip, which was observed experimentally in two samples with sizes of (1.0 × 1.0) µm 2 and (1.0 × 0.5) µm 2 , respectively. [4] The finite size effect will modify the conductance of the QSH phase. Following the LandauerBüttiker formula, [12] the charge conductance has the form,
2 /h at low temperatures only when the chemical potential locates out of the gap ∆(L). Below the temperature of k B T * = ∆, a dip will be obviously exhibited. We plot the temperature dependence of the conductance in Fig. 3 . In the experiment by König et al [4] , the smallest sample has L = 500 nm, and the measurement was performed at 30 mK. The calculated ∆ = 1.6×10 −3 meV (19 mK), which is already comparable with the experiment temperature. For a smaller example, the energy gap of L = 200 nm is about ∆ = 0.4509 meV, and the corresponding temperature is enhanced to T * = 5.22 K. Experimentally, the data for two smaller samples are close to the value of 2e
2 /h while the data for the wider samples obviously deviate from the value. From the present exact solution, it is believed that the value will be also modified at lower temperatures for even smaller samples. By the way, it is also worth noting that the gap is also highly sensitive to the thickness of quantum well, as all parameters in Eq. (1) are functions of the thickness. Finally, our solution shows that the QSH edge states is quite different from the edge states of a conventional QH strip. For a QH strip with translational symmetry along the strip, the states are classified with the momentum k x . The edge states at the two sides have different k x .[13] So they do not mix together even when the two states overlap in the space if there is no other scatterers or interactions in between two edges. In the case of a QSH strip, the edge states at the two sides have the same k x . Near the anti-crossing points, the two states has the nearly equal energy and momentum. So they can couple together to generate an energy gap when their energies becomes closer and the wave functions have overlaps in a finite space. The magentic field dependence of the QSH edge states also reflects this peculiar property. Consider the sample is subjected to a weak perpendicular magnetic field B z . Using the Peierls substitution, k x → k x − eA x / in Eq.(1) by taking the gauge, A x = −B z y (for |y| < L/2) and A y = 0 in order to keep k x a good quantum number. As the wave functions of the edge states decay exponentially, the expectation value of A x in the two edge states is proportional to L approximately for L >> λ −1 / ) near k x = 0. Thus the energy spectra of the two edge states of the upper block will shift downward or upward E(k x ) ≈ ±v x k x +gµ B B z for a large L. By increasing the magnetic field B z the anti-crossing point of energy spectra is eventually moved out of the bulk insulating gap, and the spectra will not crossing in momentum between the gap. However, another two branches of the spectra of the lower block will move in an opposite direction, and the two sets of the spectra may cross in momentum inside the insulating gap. A more detailed calculation is to use the exact solutions of Eqs. (13) and (14) at B z = 0 as a basis to truncate the model of Eq.(1) in a B z field to an effective one. Numerical results are plotted in Fig.4 . The energy shift is very sensitive to the magnetic field and the width of the sample. As for the conductance, the value of 2e
2 /h will recover near the crossing points. Thus the magnetoresistance is very sensitive to a tiny field, which might have potential application for a sensitive detection.
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